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Besides the magnetic Lorentz force familiar from the Hall effect in metals and semiconductors, there exists a mecha-
nism for charging peculiar to superconductors that is caused by the pair-potential gradient (PPG).We incorporate it in the
augmented quasiclassical equations of superconductivity with the Lorentz force to study charging of an isolated vortex
in an equilibrium s-wave type-II superconductor. It is found that the PPG mechanism gives rise to charging concentrated
within the core whose magnitude at the core center can be 10 to 102 times larger than that caused by the Lorentz force.
Our detailed calculations on the spatial, temperature, and magnetic-penetration-depth dependences of the vortex-core
charge reveal that the PPG mechanism contributes dominantly to the core charging of the isolated vortex over a wide
parameter range. The two mechanisms are also found to work additively at the core center for the present model with an
isotropic Fermi surface.
Superconductors are characterized by the emergence of the
pair potential, whose amplitude is reduced to zero towards the
edges and into the vortex cores over the coherence length ξ.
This spatial variation in the pair potential is a cause of the
charging characteristic of superconductors. The relevant term
was obtained more than two decades ago by Kopnin1) in his
derivation of kinetic equations for clean superconductors as a
next-to-leading-order contribution in the expansion in terms
of the quasiclassical parameter δ ≡ 1/kFξ0 ≪ 1, where kF is
the Fermi wavenumber and ξ0 ≡ ~vF/∆0 denotes the coher-
ence length defined in terms of the zero-temperature energy
gap ∆0 in a zero magnetic field.
This force was also present in a later gauge-invariant
derivation of the augmented quasiclassical equations for su-
perconductivity with the Lorentz force2) but was omitted in-
appropriately at the final stage. It was recovered later in the
augmented quasiclassical equations by Arahata and Kato,3)
with which they performed a numerical study on the nonequi-
librium Hall effect with a moving isolated vortex. Its possi-
ble relevance to the charging in superconductors was pointed
out by Hoshino and Kato.4) To the best of our knowledge,
however, no detailed quantitative calculations have been per-
formed yet on how this pair-potential-gradient (PPG) force
affects charging in superconductors. Here, we present a nu-
merical study on the charging of an isolated vortex due to
the PPG force in comparison with the Lorentz force based
on the augmented quasiclassical equations for superconduc-
tivity.2, 5–8) Note that the PPG force constitutes a mechanism
independent of the one proposed by Khomskii and Freimuth9)
and Feigel’man et al.10) in that it acts even when no change in
the chemical potential arises between the normal and (homo-
geneous) superconducting states.
The augmented quasiclassical equations include the Eilen-
berger equations11–15) as the leading-order equations in the
quasiclassical parameter δ. The Eilenberger equations are now
regarded as one of the most powerful methods for study-
ing inhomogeneous and/or nonequilibrium superconductors
microscopically.12–21) However, the standard equations can-
not describe either charging or the Hall effect in supercon-
ductors, the relevant terms for which emerge as the next-to-
leading-order contribution in the gauge-invariant derivation
of the quasiclassical equations.2) The PPG force is also clas-
sified as the next-to-leading-order contribution1) and can be
incorporated naturally in the augmented quasiclassical equa-
tions.2, 3) Among their definite advantages over microscopic
treatments22–26) based on the Bogoliubov–de Gennes (BdG)
equations27, 28) are that one can (i) easily incorporate the
Fermi-surface and gap anisotropies that are crucial in deter-
mining the sign and magnitude of the Hall coefficient, (ii)
trace distinct mechanisms for charging, and (iii) study equi-
librium and nonequilibrium properties on an equal footing. It
is worth pointing out in this context that the augmented quasi-
classical equations naturally reduce to the normal-state Boltz-
mann equation with the Lorentz force when the pair poten-
tial is equal to zero.2) Moreover, they have successfully been
transformed from the real-time Keldysh formalism2, 3) into the
Matsubara formalism6) to perform numerical calculations on
the equilibrium properties and linear-response functions ef-
ficiently. Thus, the augmented quasiclassical equations are a
powerful tool for describing equilibrium and nonequilibrium
superconductors with δ ≪ 1, at the expense of neglecting
some quantum effects such as the Friedel oscillations that are
predicted to emerge as δ → 1 in the fully microscopic BdG
approach.22–26)
For clean superconductors in equilibrium, the augmented
quasiclassical equations with the PPG and Lorentz forces are
given in the Matsubara formalism by2, 3, 6)
[
iεnτˆ3 − ∆ˆ, gˆ
]
+ i~vF · ∂gˆ +
i~
2
e(vF × B) ·
∂
∂pF
{
τˆ3, gˆ
}
−
i~
2
∂∆ˆ ·
∂gˆ
∂pF
−
i~
2
∂gˆ
∂pF
· ∂∆ˆ = 0ˆ. (1)
Here, gˆ = gˆ(εn, pF, r) is the quasiclassical Green’s func-
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tion, εn = (2n + 1)πkBT is the fermion Matsubara energy
(n = 0,±1, · · · ) with kB and T denoting the Boltzmann con-
stant and temperature, ∆ˆ and τˆ3 are the 4 × 4 gap matrix
and third Pauli matrix in the Nambu space, respectively, vF
and pF are the Fermi velocity and momentum, respectively,
e < 0 is the electron charge, B denotes the magnetic-flux
density, ∂ denotes the gauge-invariant differential operator,
[aˆ, bˆ] ≡ aˆbˆ − bˆaˆ, and {aˆ, bˆ} ≡ aˆbˆ + bˆaˆ. The first and second
terms in Eq. (1) constitute the standard Eilenberger equations,
the third term denotes the Lorentz force, and the fourth and
fifth terms represent the PPG force. Matrices gˆ, ∆ˆ and τˆ3 can
be written as15)
gˆ ≡
 g −i f
−i f¯ −g¯
 , ∆ˆ ≡
[
0 ∆
−∆∗ 0
]
, τˆ3 ≡
[
σ
0
0
0 −σ
0
]
,
(2)
where the barred functions are defined generally by
g¯(εn, pF, r) ≡ g
∗(εn,−pF, r), and σ0 is the 2 × 2 unit matrix.
Operator ∂ is given explicitly by
∂ ≡

∇ on g or g¯
∇ − i
2eA
~
on f or ∆
∇ + i
2eA
~
on f¯ or ∆¯
, (3a)
where A denotes the vector potential.
We consider the spin-singlet pairing without spin paramag-
netism. Functions g, f and ∆ can then be expressed as
g =
[
g 0
0 g
]
, f =
[
0 − f
f 0
]
, ∆ =
[
0 −∆
∆ 0
]
. (4)
As in Ref. 5, we expand g formally in δ as g = g0 + g1 + · · ·
and f = f0 + f1 + · · · , where g0 and f0 are the solutions of the
standard Eilenberger equations that satisfy the normalization
condition g0=sgn(εn)
(
1− f0 f¯0
)1/2
.12, 14, 15) The equation for f0
is given by1, 12, 13, 15)
εn f0 +
1
2
~vF ·
(
∇ − i
2eA
~
)
f0 = ∆g0. (5a)
On the other hand, the pair potential∆ and the vector potential
A are determined by1, 12, 13, 15)
∆ = Γ0πkBT
∞∑
n=−∞
〈 f0〉F, (5b)
∇ × ∇ × A = −i2πeµ0N(0)kBT
∞∑
n=−∞
〈vFg0〉F, (5c)
where Γ0 ≪ 1 is the dimensionless coupling constant respon-
sible for the Cooper pairing, 〈· · · 〉F denotes the Fermi surface
average normalized as 〈1〉F = 1, µ0 is the vacuum permeabil-
ity, and N(0) is the normal density of states per spin and unit
volume at the Fermi energy. Equation (5) forms a set of self-
consistent equations for f0, ∆, and A.
The equations for g1 and f1 can be derived from Eq. (1) as
∆ f¯1 − ∆
∗ f1 +
i~
2
∂∆ ·
∂ f¯0
∂pF
+
i~
2
∂∆∗ ·
∂ f0
∂pF
+ ~vF · ∇g1 + ~e(vF × B) ·
∂g0
∂pF
= 0, (6a)
2εn f1 − ∆g¯1 − ∆g1 −
i~
2
∂∆ ·
∂g¯0
∂pF
+
i~
2
∂∆ ·
∂g0
∂pF
+ ~vF · ∂ f1 = 0. (6b)
Taking their complex conjugates with pF → −pF and using
g0 = g¯0, we obtain the four equations for g1 + g¯1, g1 − g¯1, f1,
and f¯1 as follows:
~
2
vF · ∇(g1 − g¯1) + ~e(vF × B) ·
∂g0
∂pF
+
i~
2
∂∆ ·
∂ f¯0
∂pF
+
i~
2
∂∆∗ ·
∂ f0
∂pF
= 0, (7a)
2∆ f¯1 − 2∆
∗ f1 + ~vF · ∇(g1 + g¯1) = 0, (7b)
2εn f1 + ~vF · ∂ f1 − ∆ (g¯1 + g1) = 0, (7c)
2εn f¯1 − ~vF · ∂ f1 − ∆
∗ (g¯1 + g1) = 0. (7d)
Equations (7b), (7c), and (7d) constitute linear closed equa-
tions without external sources. We hence conclude f1 = 0 and
g1 = −g¯1. The substitution of this result into Eq. (7a) yields
vF ·∇g1 = −e(vF × B) ·
∂g0
∂pF
−
i
2
∂∆∗ ·
∂ f0
∂pF
−
i
2
∂∆ ·
∂ f¯0
∂pF
. (8)
The charge density ρ is obtained by6, 14, 16)
ρ = −i2πeN(0)kBT
∞∑
n=−∞
〈g1〉F − 2e
2N(0)Φ, (9)
where Φ is the static scalar potential. Let us apply ∇ in Eq.
(9) and use Maxwell’s equations ρ = ǫ0∇ · E and ∇ × E = 0
with ǫ0 denoting the vaccum permittivity. We thereby obtain
−λ2TF∇
2E + E = i
πkBT
e
∞∑
n=−∞
〈∇g1〉F , (10)
where λTF ≡
√
ǫ0/2e2N(0) is the Thomas–Fermi screening
length. This equation enables us to calculate the electric field
and charge density microscopically. Equations (8) and (10)
indicate that we can consider each of the PPG and Lorentz
forces independently to calculate the net charge using the
principle of superposition to the order we are using. Hence,
we will study the two forces independently below.
We solved Eqs. (5), (8), and (10) numerically for an isolated
vortex of an s-wave type-II superconductor with a cylindrical
Fermi surface. The magnetic field is directed along the side of
the cylinder, and we choose the coordinate system where the
vortex center is located on the z axis. To start with, we solved
the standard Eilenberger equations (5a)-(5c) self-consistently
for the isolated vortex following the procedure described in
2
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Fig. 1. (Color Online) Charge redistribution ρ(r) due to the PPG force in
units of ρ0 ≡ ǫ0∆0/|e|ξ
2
0
over r ≤ ξ0 at T = 0.2Tc, and accumulated charge
Q(r) in units of Q0 ≡ ǫ0∆0/|e| over r ≤ 3.5ξ0 .
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Fig. 2. (Color Online) Charge redistribution ρ(r) due to the Lorentz force
in units of ρ0 over r ≤ ξ0 at T = 0.2Tc, and accumulated charge Q(r) in units
of Q0 over r ≤ 3.5ξ0.
Ref. 15. The solution was substituted into the right-hand side
of Eq. (8), which was solved using the standard Runge–Kutta
method. Substituting the solution of Eq. (8) into Eq. (10), and
solving Eq. (10) numerically, we obtained the electric field
and charge density. The results presented below are for λTF =
0.01ξ0 and δ = 0.01.
Figures 1 and 2 plot the radial dependence of the charge
density in the core region due to the PPG and Lorentz forces,
respectively, for λ0 = 5ξ0 at T = 0.2Tc. The insets show the
accumulated charge per unit length along the z direction de-
fined by
Q(r) = 2π
∫ r
0
ρ(r1)r1dr1. (11)
The charge density and accumulated charge are normalized
by the ρ0 ≡ ǫ0∆0/|e|ξ
2
0
and Q0 ≡ ǫ0∆0/|e|, respectively, where
λ0 ≡
√
~/µ0ξ0|e|2N(0)∆0vF is the London penetration depth
at zero temperature, and Tc denotes the superconducting tran-
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Fig. 3. (Color Online) Normalized charge density due to the PPG force at
the vortex center as a function of temperature calculated for λ0 = 5ξ0.
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Fig. 4. (Color Online) Normalized charge density due to the Lorentz force
at the vortex center as a function of temperature calculated for λ0 = 5ξ0 .
sition temperature in a zero magnetic field. Quantities QKmax
and QLmax are the peak values of Q(r) due to the PPG and
Lorentz forces, respectively, and rK and rL denote the dis-
tances from the core center at which Q(rK) = 0.1Q
K
max and
Q(rL) = 0.1Q
L
max are satisfied, respectively. We observe that
the PPG force causes charge accumulation at the core center
whose magnitude is about 50 times larger than that caused
by the Lorentz force. This charge accumulation by the PPG
force is concentrated in the core region of r . ξ0, as expected
naturally by noting that it is caused by the reduction in the
pair potential. Indeed, the charge neutrality is recovered for
r ∼ ξ0. However, the charge accumulation by the Lorentz
force is smaller at the core center but extends far outside the
core over r . λL, where λL denotes the London penetration
depth defined by λL(T ) = λ0[1 − Y(T )]
1/2 in terms of the
Yosida function Y(T ).5, 15, 29) This charge extension becomes
broader as λL increases for T & 0.5Tc.
Figures 3 and 4 show the temperature dependence of the
logarithm of charge density at the vortex center due to the
3
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Fig. 5. (Color Online) Normalized charge density due to the PPG force
(blue points) and Lorentz force (red points) at the vortex center as a function
of λ0 calculated for T = 0.2Tc.
PPG and Lorentz forces, respectively, calculated for λ0 = 5ξ0.
In both cases, ρ(0) grows significantly as the temperature is
decreased, which can be attributed to the decrease in λL and
also to the core shrinkage due to the Kramer–Pesch effect17)
that causes an enhancement in the slope of ∆(r) at r = 0.
Figure 5 shows the λ0/ξ0 dependence of the logarithm of
the charge density at the core center due to the PPG and
Lorentz forces, respectively, calculated at T = 0.2Tc. In both
cases, ρ(0) increases as λ0/ξ0 is decreased. The contribu-
tion of the Lorentz force is negligible compared with that of
the PPG force for λ0 & 2ξ0, but becomes substantial when
λ0 ∼ ξ0. In this context, it is worth noting that ρ(0) has been
shown to have a strongmagnetic-field dependencewith a peak
structure and can be enhanced significantly over the value
of an isolated vortex as the magnetic field is increased.7, 8)
Hence, it is not appropriate to conclude that the Lorentz-force
contribution is negligible in all cases.
In summary, we have solved the augmented quasiclassi-
cal equations of superconductivity with the PPG and Lorentz
forces in the Matsubara formalism for an isolated vortex of an
s-wave type-II superconductor with an isotropic Fermi sur-
face. Our results reveal that the PPG force contributes dom-
inantly to charging in the core region of an isolated vortex
over a wide parameter range. The charge accumulation due to
the PPG force satisfies the charge-neutrality condition within
the core region, whereas that caused by the the Lorentz force
extends outside the core up to the distance of the order of
the London penetration depth. It should also be pointed out
that the two contributions are additive at the core center for
the present model with an isotropic Fermi surface and energy
gap. In this context, our previous studies7, 8) have revealed that
the charge accumulation originating from the Lorentz force
is enhanced substantially in finite magnetic fields. This sug-
gests that the Lorentz-force contribution may become domi-
nant over the PPG force contribution in finite magnetic fields.
In addition, it is not clear whether the two contributions still
work additively in the presence of Fermi-surface and gap
anisotropies. These issues remain to be clarified in the future.
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